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Abstract: In this paper we consider application of linear programming in solving optimization problems with 
constraints. We used the simplex method for finding a maximum of an objective function. This method is 
applied to a real example. We used the “linprog” function in MatLab for problem solving. We have shown, 
how to apply simplex method on a real world problem, and to solve it using linear programming. Finally we 
investigate the complexity of the method via variation of the computer time versus the number of control 
variables. 
Keywords: simplex method, linear programming, objective function, complexity. 
 
 
1. Introduction  
Linear programming was developed during World War II, when a system with which to maximize the efficiency 
of resources was of utmost importance. New war-related projects demanded optimization of constrained resources. 
“Programming” was used as a military term that referred to activities such as planning schedules efficiently or 
deploying men optimally [1].  
Mathematical programming is that branch of mathematics dealing with techniques for maximizing or minimizing 
an objective function subject to linear, nonlinear, and integer constraints on the variables. Special case of mathematical 
programming is a linear programming. Linear programming is concerned with the maximization or minimization of a 
linear objective function with many variables subject to linear equality and inequality constraints [2]. Linear 
programming can be viewed as a part of a great revolutionary development. It has the ability to define general goals 
and to find detailed decisions in order to achieve that goals. It can be faced with practical situations of great complexity. 
To formulate real-world problems, linear programming uses mathematical terms (models), techniques for solving the 
models (algorithms), and engines for executing the steps of algorithms (computers and software) [3].  
Optimization principles have important aspect in modern engineering design and system operations in various 
areas. Computers capable of solving large-scale problems contribute to the recent development of new optimization 
techniques. The main goal of these techniques is to optimize (maximize or minimize) some function f. This functions 
are called objective functions. As a case study we used the objective function f that represent the revenue of the 
production of electronic elements, more precisely graphics cards. We used methods for maximizing the revenue of 
the company. Using linear programming, we can model wide variety of objective functions as: yield per minute in a 
chemical process, revenue in a production of cars, the hourly number of customers served in a bank, the mileage per 
gallon of a certain type of car, the production of computers on monthly basis and so on. Sometimes we may want to 
minimize f if f is the cost per unit of producing certain graphics cards (opposite of our example where we maximize 
the revenue of production), the operating cost of some power plant, the time needed to produce a new type of car, the 
daily loss of heat in a heating system, the costs for IT infrastructure in some company and so on.  
In most optimization problems the objective function f depends on several variables:  
x1, x2,…..xn                                                                                                                                                                            
These variables are called “control variables” because we can control them, that is, we can choose their values. For 
example the production of some plant may depend on temperature x1, moisture content x2, nitrogen in the soil x3. The 
efficiency of a certain air-conditioning system may depend on air pressure x1, temperature x2, cross-sectional area of 





In all of this example, we saw that the notations of connectedness and path connectedness are in relation i.e. 
if some space is connected then we can find a path connection in that if the space is locally Euclidean1. In a metric 
space, the concept of connectedness it is difficult to estimate definite but understanding for it is to take just like a 
‘hole part’. Path connectedness is almost the same thing in metric space. So, depends of the dimension of the 
Euclidean space we can find relation between connectedness and path connectedness. 
 
 Example 3.4. If  ,X d  be a connected metric space. Assume that each point of X has an open set U such 
that x U  and U is path connected. Than X is path connected. 
 Example 3.5.  If A be a connected subset in nR  and 0  . Then it is clear that for   - neighborhood of 
A defined by     : n AU A x R d x     is path connected. 
 
 
4. Concluding remarks 
In particular, spaces that are connected cannot be always path connected too. These notions are in the 
relation if the topology space has some properties. In this paper are represented some examples in which it can be 
easily seen that there are some connected topology spaces which can be path connected also. The conclusion from 
all of these is: if we are working with a metric space or we have a locally Euclidean space we can find a connected 
space in which also we can find a path between some pair of points. Metric spaces are interesting for work, because 
they are not so abstract and can be represented geometrically, so the concept of connectedness this space take like a 
‘hole part’ and concept of path connectedness is easier to see there. Implication of connectedness to path 
connectedness can be shown if the space for working is metric (Euclidean). Examples 3.1, 3.2, 3.3, 3.4 and 3.5 are 
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The Appendix of the first number of Balkan Journal of Applied Mathematics and Informatics, 
is devoted to the reports of the First Modelling Week in Macedonia, which was held in Stip, 
12-16 February 2018.  
The First Modelling Week in Macedonia was organized by Faculty of Computer Science - 
Department of Mathematics and Statistics, Faculty of Electrical Engineering and Faculty of 
Technology with the support of the TD 1409 MI-NET Cost Action. The aims of the Modelling 
Week were: widening, broadening and sharing knowledge relevant to the Action’s objectives 
through working on modern and actual problems which can be solved with mathematics and 
mathematical modelling. 
The Modelling Week was organized under auspices of Prof. Blazo Boev, Rector of the Goce 
Delcev University, Stip, Macedonia. 
The Program Committee of the First Modelling Week were: 
1.    Vineta Srebrenkoska, PhD – Macedonia 
2.    Tatjana Atanasova – Pachemska, PhD – Macedonia 
3.    Poul G. Hjorth, PhD – Denmark 
4.    Wojciech Okrasinski, PhD – Poland 
5.    Joerg Elzenbach, PhD – Germany 
6.    Gregoris Makrides, PhD – Cyprus 
7.    Biljana Jolevska – Tuneska, PhD – Macedonia 
8.    Limonka Koceva Lazarova, PhD - Macedonia 
In the First Modelling Week in Macedonia participated 34 participants from Macedonia, 
Bulgaria, Portugal and Denmark. The Modelling Week was aimed towards Masters, PhD 
students, Early Career Investigators (up to 8 years after their PhD). All the participants were 
split in three groups in order to solve the three problems which were set: 
Problem 1 - Scheduling in kindergarten, proposed by Limonka Koceva Lazarova 
Problem 2 - Determining the optimal number of cash boxes to increase the efficiency of the 
customer service and determining the way of storage of products in the warehouse. How to 
manage stocks in the warehouse, proposed by Tatjana Atanasova – Pachemska. 
Problem 3 - Optimization of the industrial processes for production of advanced polymer 
composites by implementation of the full factorial experimental design, proposed by Vineta 
Srebrenkoska. 
The third problem was split in three subproblems.  
All of the solutions are presented in form of reports in this appendix. 
Thanks for the editors of the Balkan Journal of Applied Mathematics and Informatics, about 
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Abstract. Kindergartens and day care centers face up with a problem how the employees should be 
organize throughout the working day, or only partially included in a certain period of the day. It is 
necessary to make a schedule of employees in the kindergartens or in a day care center for children. Our 
aim was making an optimization model to deal with the large number of children and employees. This 
problem can be extend to problem for healthcare services for elderly people. 





Considering the modern way of life, where both of the parents usually work more than 8 hours during 
the day and they usually spent much time outside the home, there is a necessity for caring of the children 
in kindergartens, or in a care centers for children. However, children as a sensitive category have specific 
requirements, which depend of their age. They require different approaches and care. Because of that, the 
kindergartens and day care centers face up with a problem that the employees have to be organize 
throughout the working day, or only partially included in a certain period of the day. Therefore, it is 
necessary to make a schedule of employees in the kindergartens or in a day care center for children.  
An optimization model, in order to manage how to deal with the large number of children attending 
such centers and the employees, on the other hand, has to be create. That is our aim with this work. It is 
necessary to take into consideration that groups should be form depending on the children age. In addition, 
it is good to be consider the case when there are sick children in the group that requires particular care 
from a caregiver or a medical person. The children with special needs should be included in the regular 
groups, but in that case, a psychologist will be need. The basic needs of children should be consider, like 
feeding, sleeping, upbringing, and learning. In the day center, there are small children aged from one to six 
years who do not attend school, as well as children from six to ten years old who go to school. 
This problem can be also extend into a problem for healthcare services, for elderly people, in rest home. 
It requires an optimization method and a model to handle with the increasing demand of supplying 
healthcare services to elderly. That means, by using the limited number of caregivers and making proper 
scheduling, as more as possible, elder patients to be service. The main problem here is scheduling patients 
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Figure 1 Daily activities of elderly and children 
2. Literature review 
2.1. General model proposed by Marta Ferreira 
 
The general model was develop for the staff-scheduling problem of an organization that works 
continuously, 24 hours a day. 
The day is divided in nS working shifts, where nS is number of working shifts. The model considers a 
set of nT teams of homogeneous (single skilled and full-time) employees, that must be assigned to either a 
work or a break shift, in each of the nD planning period days. nT and nD are number of teams and number 
of days, accordingly. Daily shift demand levels must be satisfied, meaning that the model must guarantee a 
required number of teams working in each shift on each day. Work rules include a minimum and a 
maximum number of consecutive working days for each team, as well as a predefined sequence of working 
shifts to be respect.  Each shift change must have a break or non-working day in between. The objective is 
to minimize and to level the number of days each team works in each shift, in order to balance the 
workload. [1] 
d ∈ {1, . . . , nD}, day;  
t ∈ {1, . . . , nT}, team;  
s ∈ {1, . . . , nS}, working shift;  
s’ ∈ {1, . . . , 2 × nS}, extended shift. 
n(s’) is the extended shift that follows the extended shift s’ in a given sequence; 
This model, also can be used for healthcare services to elderly people. 
 
2.2. Mathematical models for scheduling problem 
 
Mostly used mathematical models in the past for dealing with scheduling problem were:  
• Base Model (FSMP) 
• Single machine model 
• Parallel machine model 
• Flow shop model 
• Job shop model 
• Pure job shop model 
 
Table 1 presents the number of variables and constraints necessary for a general MJP formulation of 
some of the scheduling problems. As we can conclude from the table, the number of variables and 
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3. Proposed models 
For problem solving, we proposed two models.  
3.1. Job shop-scheduling model  
o Optimization of time needed for completing all tasks 
o Agent based approach with AnyLogic [3] 
3.2. Genetic algorithm  
o Used alone or in combination with JSS 
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3.1. Job shop scheduling model 
 
This model can be described by a set of n jobs Ji, where 1≤i≤n, and each job has to be processed on a set of 
m machines Mr, where 1≤r≤m. Each job has a sequence of machines that must be processed. The processing of 
job Ji on machine Mr is called the operation Oir. Operation Oir requires the exclusive use of Mr for an 
uninterrupted duration pir, where pir is its processing time. A schedule is a set of completion times for each 
operation MSir, where 1≤i≤n and 1≤r≤m that satisfies those constraints. (Fig 2) 
The time required to complete all the jobs is called the makespan MS. The scheduling objective is 
makespan minimization, which means to minimize the completion time of the last operation of any job.  
 
 
Figure 2 JSS model 
In our problem, we have two sets  
E = {E1, …., Em} where E are employees (machine of the model) 
K = {K1, …, Km} where K are kids or elderlies (jobs of the model) 
 
The aim is to minimize the time to perform all tasks (all needs of the kids or all needs of elderlies in a 
shortest possible time). 
For the assignment problem of kids or elderlies to employs, we use MIP (mixed integer programming) 
model. 
The MIP formulation is often used to model the classical deterministic JSSP. The MIP model yields 
optimum solutions for small problem instances, but it’s not so good model for large problem size [4], [5], [6], 
[7]. 
  
• MIP model for our problem is  
1) Parameters: 
rilk with value  1, if elderly (kid) i requires task l from employ k , and 0 otherwise. 
pik is servicing  time in which an elderly (kid) i  has to be serviced from employ k. 
2) Decision variables: 
sik is start time of servicing an elderly (kid) i by employ k. 
yijk has a value 1 when an elderly j precedes elderly i for caregiver k.  
 
 
Constraint 1 gives the lower bound for the function MS.  
 
Constraint 2 ensures that the starting time of servicing an elderly i with task l + 1 is not earlier than its ﬁnish 
time in its predecessor, task l. 
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Constraints 3 and 4 ensure that only one elderly is served from employer at any given time. The parameter K is 
a large number, sometimes taken as the sum of all processing times [8], [9]. 
 
• Agent based approach of the problem  
Agent-based models (ABMs) consist of a set of elements (agents) characterized by some attributes, which 
interact each other through the definition of appropriate rules in a given environment. ABMs are useful in 
reproduce of economics and social science systems.  
Agents have to communicate among each other with messages. They are adaptive and autonomous entities 
who are able to assess their situation, make decisions, compete or cooperate with one another on the basis of a 
set of rules, and adapt future behaviors on the basis of past interactions. 
Our agent-based approach of the problem consists two types of agents.  
o kids (elderly people or patients)  
o employees (caregivers).  
They communicate among each other in a manner that employees can provide different services to elderlies or 
kids. This approach is applicable in combination with discrete event simulations  
 
 
Figure 3 AnyLogic Simulation for job shop scheduling problem 
 
In Fig 3 a screenshot from simulation of our problem made in AnyLogic is given. The red color shows 
that certain employee (caregiver) is busy. That means there is a kid or elderly he/she is serving in that 
moment. In addition, if the employee is free his/her cube is marked green. Each serviced kid or elderly is 
presented with different color in front of employee (caregiver). In the moment, each caregiver can give 
service to one kid or elderly. When all kid or elderly are completely served, simulation ends. At the end of 
simulation, all employees (caregivers) are colored green.  
There are also indicators presented in the table of simulation, which changes every moment according 
to a current situation. In that table, one can see how many kids or elderlies are in service in the moment, 
how many of them have been served, and how many are waiting to be served. Total makespan during the 
whole simulation is 0 and is changed at the end of simulation, representing total time spent for all kids or 
elderlies to be serviced by employees (caregivers).  
In Fig 4 a) and b) Gantt chart and time plot chart are presented. They show how much time each 
caregiver is busy or free.  
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Figure 4 a) Gantt chart presentation of Anylogic job shop scheduling 
 
 
Figure 4 b) Time plot chart 
 
3.2. Approach with Genetic algorithm  
 
Genetic algorithm can be used in combination with JSS. (Fig 5). To apply a genetic algorithm to a 
scheduling problem we must first represent it as a chromosome. After that it is necessary to implements each 
schedule as a chromosome/individual in a population of schedules. Each schedule should be evaluated with a 
fitness function.  Schedules with greater fitness function values are allowed to "mate" with other schedules via 
crossover. Mutation is used in order to provide diversity in the population. With the help of crossover and 
mutation operations new populations of schedules are generated. New generations are created until a schedule is 
formed that is deemed acceptable. Generally speaking, a schedule is deemed acceptable if its fitness function 
value is high enough. [10], [11] 
 
Figure 5 Genetic algorithm presentation 
 
 
4. Future work 
Our plans for future are to find application of General model and to try to adapt it for our problem. In 
addition, we want to optimize our proposed approach given in this paper and to adapt to other constraints 
needed. Our last aim is to extend proposed model with genetic algorithms and from this to conclude which 




Aleksandra Stojanova, Mirjana Kocaleva, Natasha Stojkovik, Dusan Bikov, Marija Ljubenovska,




[1] Rocha, M. S. F (2013) The staff scheduling problem: a general model and applications, PhD thesis. 
[2] Brah, S and John, H, and Jaymeen, S (1991) Mathematical modeling of scheduling problems. Journal 
of Information and Optimization Sciences 12.1, 113-137. 
[3] https://www.anylogic.com/ 
[4] Stojanova, A and Stojkovic, N and Kocaleva, M and Koceski, S (2017) Agent-based solution of 
caregiver scheduling problem in home-care context. In: 14th International Conference on Informatics 
and Information Technologies, 07-09 Apr 2017, Mavrovo, Macedonia. 
[5] Özgüven, C and Özbakır L, Yavuz, Y (2010) Mathematical models for job-shop scheduling problems 
with routing and process plan flexibility. Article in Applied Mathematical Modelling 34(6):1539-1548 
[6] Bueno, E F (2014) Mathematical Modeling and Optimization Approaches for Scheduling the Regular-
Season Games of the National Hockey League. Diss. École Polytechnique de Montréal. 
[7] Tsai, Ch-Ch, and Lee Ch-J (2010) Optimization of nurse scheduling problem with a two-stage 
mathematical programming model. Asia Pacific Management Review 15.4, 503-516. 
[8] Thörnblad, K (2013) Mathematical Optimization in Flexible Job Shop Scheduling. Diss. Thesis for the 
degree of doctor of philosophy, Department of Mathematical Sciences, Gothenbug. 
[9] Palmgren, M (2005) Optimal Truck Scheduling: Mathematical Modeling and Solution by the Column 
Generation Principle. Diss. Matematiska institutionen. 
[10] Roshanaei, V (2012) Mathematical Modelling and Optimization of Flexible Job Shops Scheduling 
Problem, Electronic Theses and Dissertations. 157. 
[11] Arenas, D and Chevrier, R and Hanafi, S, Rodriguez, J (2015) Solving the Train Timetabling 
Problem, a mathematical model and a genetic algorithm solution approach. 6th International 
Conference on Railway Operations Modelling and Analysis, Tokyo, Japan. 
 
OPTIMIZATION MODELS FOR SHEDULING IN KINDERGARTEN AND HEALTHCARE CENTES
